MA 3110: Logic & Proof (Fall 2009) Problem 3.3.2

Theorem (Problem 3.3.2). Fvery natural number can be written as the sum of distinct powers of
two.

Proof. We proceed by complete induction.
Base Case: Since 1 = 2Y, the base case holds.

Inductive Step: Let £ € N and assume that for all natural numbers 7 < k, j can be written as
distinct powers of two, say j = 2™t + 2™ 4 ... 4+ 2™ where mjq,mjo,. .. ,mjy, are distinct
nonnegative integers (that depend on j). We need to show that k& + 1 can be written as a sum of
distinct powers of two. There are two possibilities: (i) & is even, or (ii) & is odd.

(i) First, assume that & is even. In this case, my,; # 0 for all i € {1,... I}, otherwise k£ would be
equal to a sum of positive powers of 2 plus 1, which would imply that k is odd. Therefore, we can
write

k + 1 — 2mk,1 + 2mk,2 + . + 2mk,lk + 1 — 2mk,1 + 2mk,2 + .. + 2mk,lk + 207

where each power is distinct, as desired.

(ii) Now, assume that k£ odd. Then k — 1 is even and by the inductive hypothesis and the argument
in the first case, it must be the case that m_1), # 0 for all i € {(k —1)1,...,(k — 1), }. Thus, we
can write

E+1= (k _ 1) 49 = QMk-11 L OMA-12 | ... QME-Ll | 21’

where each power is distinct.
So, in either case, k + 1 can be written as the sum of distinct powers of 2.

Therefore, by complete induction, every natural number can be written as a sum of distinct powers
of 2. [
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